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Introduction
A nonzero tensor …eldF of the type (1; 1) and class C 1 on an n dimensional di¤erentiable manifold M is supposed to satisfŷ
(1.1) where a is a complex number not equal to zero and K > 2 is a positive integer [9] .
Let the operators^andt on M be de…ned as [9] :
whereÎ denotes the identity operator on M . From (1.2), we havề +t =Î;^t =t^= 0;^2 =^;t 2 =t.
(1.
3)
The equation (1.3) shows that there exist two complementary distributionsL andT in M corresponding to the projection operators^andt, respectively. When the rank ofF is constant and equal to r on M , thenL is r dimensional andT is (n r) dimensional. Such a structure is called F a (K; 1) structure of rank r and the manifold M with this structure is called a F a (K; 1) structure manifold [9] .
We have the following results [9] F^=^F =F ;Ft =tF = 0 ; (1.4) F 2^=^F 2 =F 2 ;F 2t =tF 2 = 0 ; (1.5)
Then,F K 1 acts onL as a GF structure and onT as a null operator. Additionly, if the rank ofF is maximal then F a (K; 1) structure is a GF structure.
The Nijenhius tensor ofF is a tensor …eld of the type (1; 2) given by [3] N (X; 
Invariant Hypersurfaces and The Induced Structure
S is a (m 1) dimensional imbedded submanifold of M and its imbedding is denoted by { : S ! M [3, 7] . The di¤erential mapping d{ is a mapping from T S into T M , which is called the tangent map of {, where T S and T M are the tangent bundles of S and M , respectively. The tangent map d{ is denoted by B and B : T S ! T {(S) is an isomorphism. For X; Y 2 (S), the following holds:
De…nition 2.1. If the tangent space T p ({ (S)) of {(S) is invariant by the linear mappingF p at each p 2 S, then S is called an invariant hypersurface of M , that is,F ( ({ (S))) ({ (S)) [2] .
In this paper, we shall assume that M is a F a (K; 1) structure manifold and S is an invariant hypersurface of M . Since S is an invariant hypersurface, we havê
for X 2 (S), where X is a vector …eld in S. Thus, we de…ne a tensor …eld of type (1; 1) in S such that By using the induction method, the equation (2.3) can be generalized as follows:
Theorem 2.3. LetN and N be the Nijenhius tensors ofF and F , respectively. Then, we haveN
We can easily see that there are two cases for any invariant hypersurface S of M . Now, we consider these cases. Case 1. The distributionT is never tangential to S.
Then, there is no vector …eld of the typet(BX), where X 2 (S). That is, vector …elds of the type BX belong to the distributionL ort(BX) = 0. In contrast to we assume that witht(BX) 6 = 0. Then, using the equations (1.2) and (2.4), we obtain
where I is the identity operator on S. Contrary to the hipothesis, this equation show thatt(BX) 2 T ({(S)). This is a contradiction. Thus,t(BX) = 0.
Theorem 2.4. Let the distributionT be never tangential to S. Then, F is a induced GF structure in S.
Proof. From the equation (2.4), we get
Letĝ be a Riemann metric on M andr be also the Riemann connection on the Riemann manifold (M;ĝ). Then, the semi-symmetric metric connection r on (M;ĝ) is given by rXŶ =rXŶ +ŵ(Ŷ )X ĝ(X;Ŷ )P for arbitrary vector …eldsX andŶ in (M;ĝ), whereŵ is a 1 form in (M;ĝ) and P is a vector …eld de…ned byĝ(P ;X) =ŵ(X) for any vector …eldX in (M;ĝ) [3] . Now, we de…ne a tensor …eld S of the type (1; 2) in (M;ĝ) as follows:
Theorem 2.5. Let the distributionT be never tangential to S. Then, we have
Proof. If the distributionT is never tangential to S, thent(BX) = 0. The proof is completed from the equations (2.5) and (2.7).
De…nition 2.6. The F a (K; 1) structure is said to be normal with respect to r in M if S = 0.
Theorem 2.7. Let the distributionT be never tangential to S. IfF is normal with respect to r in M , then F is integrable in S.
Proof. If the distributionT be never tangential to S, thent(BX) = 0. LetF be normal with respect to r in M . Therefore, from De…nition 3 and the equation
Case 2. The distributionT is always tangential to S.
Therefore, we havet (BX) = B(tX) (2.10)
for X 2 (S).
Theorem 2.8. Let`be a tensor …eld of the type (1; 1) on S, which is de…ned bỳ =
Proof. Using the equation (2.4), we obtaiǹ
Theorem 2.9. The tensor …elds of the type (1; 1) t and`de…ned by the equations (2.10) and (2.11) imply`+ t = I;`t = 0 2 =`; t 2 = t : (2.12)
Proof. For X 2 (S) ; applying BX to both side of^+t =Î, we get B(`X + tX) = X. Since B is an isomorphism,`X + tX = X. Then,`+ t = I. The other equations can be shown similarly.
The equation (2.12) show that, t and`are complementary projection operators in S. Therefore,
for X 2 (S). This implies that
Then, F acts as a F a (K; 1) structure on S and is called the induced F a (K; 1) structure on S. Proof. The proof trivial from the equations (2.3), (2.10) and (2.11).
For F satisfying the equation (2.13) on S, these exist complementary distributions T and L corresponding to the projection operators t and`, respectively. Hence, the integrability conditions of F can be given by the following theorems. Proof. Let the distributionL be integrable in M . Then, we havetN (BX; BY ) = 0 for X; Y 2 (S). At this point, we get BtN (X; Y ) = 0: Since B is an isomorphism, we obtain tN (X; Y ) = 0. Therefore, L is integrable in S.
The other side can be shown similarly.
Theorem 2.12. The distributionT is integrable in M if and only if T is integrable in S.
Proof. Let the distributionT be integrable in M . Then, we haveN (tBX;tBY ) = 0 for X; Y 2 (S).At this point, we get BN (tX; tY ) = 0. Since B is an isomorphism, we obtain N (tX; tY ) = 0. Therefore, T is integrable in S. The other side can be shown similarly.
Theorem 2.13.F is partially integrable in M if and only if F is partially integrable in S.
Proof. LetF be partially integrable in M . Then, we haveN (^BX;^BY ) = 0 for X; Y 2 (S). At this point, we get BN (tX; tY ) = 0. Since B is an isomorphism, we obtain N (`X;`Y ) = 0. Therefore, F is partially integrable in S. The other side can be shown similarly.
Theorem 2.14.F is integrable in M if and only if F is integrable in S.
Proof. LetF be integrable in M . Then, we haveN (BX; BY ) = 0 for X; Y 2 (S).
At this point, we get BN (X; Y ) = 0. Since B is an isomorphism, we obtain N (X; Y ) = 0. Therefore, F is integrable in S. The other side can be shown similarly.
The hypersurface S is a Riemann manifold with the induced metric g de…ned by g(X; Y ) =ĝ(BX; BY ), for X; Y 2 (S). Then, r is the induced semi-symmetric metric connection on (S; g) from r, which satis…es the equation
for X; Y 2 (S), where m is a tensor …eld type of (0; 2) in S. If m vanishes, then S is called totally geodesic with respect to r [4] . Now, we de…ne a tensor …eld S of type (1; 2) on S totally geodesic with respect to r by 
The Induced Structure on The Tangent Bundle of A Invariant Hypersurface
Let T M denote the tangent bundle of M with the projection M : T M ! M . According to [5] , using the complete lift operation we have the following equalities:
, where P (t) is a polinomial in one variable t.
Theorem 3.1.F is an F a (K; 1) structure in M if and only if the complete lift F C ofF is also an F a (K; 1) structure in T M . Then,F is of rank r if and only if F C is of rank 2r [10] .
Theorem 3.2. LetF be an F a (K; 1) structure in M and S be a invariant hypersurface of M . Then,
for X 2 ({ (S)). Here, C denotes the complete lift operation on
Proof. Since S is an invariant hypersurface,F ( X) belongs to ({ (S)) for X 2 ({ (S)). According to [1] , we obtain
Then,F C ( X) C belongs to (T { (S)). Here, # denotes the operation of restriction to 
Proof. Since S is an invariant hypersurface,F ( X) belongs to ({ (S)) for X 2 ({ (S)). From the equation (3.1),F
C is invariant on (T { (S)). Therefore, T S is an invariant submanifold of T M .
The tangent map of B is denoted byB, whereB : T (T S) ! T (T {(S)) is an isomorphism.
De…nition 3.4. The tensor …eldF of type (1; 1) satis…eŝ
for X 2 (S), is called induced structure fromF C to T S.
Similarly to (2.4), the equation (3.2) can be generalized as follows:
Proof. Using the equation (3.10) in [1] and the equation (2.1), we get
Theorem 3.6. The induced structureF on T S is the complete lift of the induced structure F on S.
Proof. Using the equation (3.10) in [1] and the equation (3.2), we get
Theorem 3.7. LetÑ andN C be the Nijenhius tensors ofF andF C , respectively.
Proof. Using the equation (3.3) , we obtain
Theorem 3.8. LetN C be the Nijenhius tensors ofF C . Then,
Proof. From the equation (2.5),N X; Y belongs to ({(S)). Therefore, we have
Corollary 2. LetÑ and N be the Nijenhius tensors ofF and F , respectively. Then,Ñ is the complete lift of N .
Note that the equation (3.5), we obtainBN
Theorem 3.9. The distributionT never tangential to S if and only if the distributionT C never tangential to T S.
Proof. Let the distributionT be never tangential to S. Then,t(BX) = 0 for X 2 (S). Since (t(BX)) C =t C (BX C ), we obtaint C (BX C ) = 0. Therefore, the distributionT C never tangential to T S. The other side can be shown similarly.
Theorem 3.10. Let the distributionT C be never tangential to T S. Then,F is induced GF structure in T S.
Proof. Similar to proof of the Theorem 6, we get the desired result.
Theorem 3.11. Let r be a semi-symmetric metric connection with respect tô r Riemann connection in (M;ĝ). Then, r C is also a semi-symmetric metric connection with respect tor C Riemann connection in (T M;ĝ C ) [11] .
Noting that the equation (2.7) we obtain
Theorem 3.12. Let the distributionT C be never tangential to T S. Then,
Proof. Similar to proof of the Theorem 7, we get the desired result.
Theorem 3.13.F is normal with respect to r in M if and only ofF C is normal with respect to r C in T M .
Proof. The proof trivial from De…nition 3.
Theorem 3.14. Let the distributionT C be never tangential to T S. IfF C is normal with respect to r C in T M , thenF is integrable in T S.
Proof. Similar to proof of the Theorem 8, we get the desired result.
Theorem 3.15. The distributionT C is tangential to T S if and only of the distributionT is tangential to S.
Proof. Let the distributionT be tangential to S. We havet(BX) 6 = 0 for X 2 (S). Then, we obtaint C (BX C ) 6 = 0. Therefore, the distributionT C is tangential to T S. The other side can be shown similarly.
If the distributionT
C is tangential to T S, then`C and t C are complementary projection operators in T S, for`and t de…ned by the equations (2.10) and (2.11), respectively.
Let~andt be expressed bỹ
where~=`C andt = t C .
Theorem 3.16. The operators~andt satisfŷ
Proof. From (2.10), we havet
The other equation can be shown similarly.
Theorem 3.17. Let the distributionT C be tangential to T S. Then,F is the induced F a (K; 1) structure on T S.
Proof. For X 2 (S), we obtaiñ
SinceB is an isomorphism, we getF 
Proof. Similar to proof of the Theorem 11, we get the desired result.
LetT andL be the distributions corresponding to the projection operatorst and~, respectively. Then,T = T C andL = L C . Therefore, similarly to Theorem 12, Theorem 13, Theorem 14 and Theorem15 the integrability conditions ofF are given in the following theorems. Theorem 3.22. T S is totally geodesic with respect to the semi-symmetric metric connection r C if and only if S is totally geodesic with respect to the semi-symmetric metric connection r [11] .
Let T S be totally geodesic with respect to r C . Then, we have
for X; Y 2 (S) [11] . Therefore, we de…ne a tensor …eld S C of type (1; 2) by
for X; Y 2 (S) on T S.
Theorem 3.23. Let T S be totally geodesic with respect to r C . Then,
for X; Y 2 (S).
Proof. Similar to proof of the Theorem 16, we get the desired result.
Corollary 3. IfF C is normal with respect to r C in T M , thenF is normal with respect to r C in T S.
